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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion MotivationIllustrationOutline
Goal : sample a target distribution π known up to amultipliative onstantExample : motif sampling in biologyProblem : for multimodal distributions, some algorithmsremain trapped in one of the modes
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Figure: Random walk Metropolis-Hastings for a mixture of GaussiandistributionsAmandine Shrek Adaptive Equi-Energy Sampler
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy example
Metropolis-Hastings algorithm :Sample X0 under any initial distribution µKnowing the urrent state Xn, sample Yn+1 under Q(Xn, .)Compute the aeptation-rejetion probability :

α(Xn,Yn+1) = min(1, π(Yn+1)q(Yn+1 ,Xn)π(Xn)q(Xn ,Yn+1) )Set Xn+1 = Yn+1 with probability α(Xn,Yn+1) and Xn+1 = Xnwith probability 1− α(Xn,Yn+1).
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Figure: Atual density and a tempered version (T = 50)Amandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy example
It seems easier to sample a tempered version π1/T , T > 1 ofthe target distribution.Idea : Sample a tempered version of the target distribution asan auxiliary proess and allow the proess of interest to �jump�on one of the auxiliary states after and aeptation/rejetionstep.Problem : The aeptation probability ould be really low.
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy example
Equi-Energy Sampler :Sample X0 under any initial distribution µ.We know n values Y1, . . . ,Yn of an auxiliary proess. Knowingthe urrent state Xn :with probability 1− ǫ, sample Xn+1 with a symmetri randomwalk Metropolis-Hastings algorithmwith probability ǫ, hoose an auxiliay value Yi suh that π(Yi )is �lose� to π(Xn), and set Xn+1 = Yi or Xn+1 = Xn after anaeptation/rejetion step
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy exampleFix a number of rings S . Consider a sequene of real number
ξ0 = 0 < ξ1 < · · · < ξS = +∞.Two energies π(x) and π(y) are said to be lose if there exists l ,1 ≤ l ≤ S suh that ξl−1 ≤ π(x), π(y) < ξl .On the hoie of the ξi :Original equi-energy sampler : �xed by userProblem : ruial hoieAdaptive equi-energy sampler : quantiles estimatorsempirial quantilesstohasti approximation estimator
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy example
Empirial quantiles assoiated to a distribution θ :Cumulative distribution funtion : Fθ(x) = ∫ 1{π(y)≤x}θ(dy).Quantile funtion : F−1

θ (p) = inf{x ≥ 0,Fθ(x) ≥ p}.For any {pl , 1 ≤ l ≤ S} (for example pl = lS ), the ringboudaries are de�ned by ξ̂θ,l = F−1
θ (pl ).Rings : Aθ,l =]ξ̂θ,l−1; ξ̂θ,l ].For the adaptive EES : θn = n−1 ∑nk=1 δYk .
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy example
Seletion funtion : gθ(x , y) = ∑Sl=1 hθ,l (x)hθ,l (y),with : hθ,l (x) = (1− d(π(x),Aθ,l )r )

+
.Kernel for the EE move : Kθ(x ,A) =

∫A αθ(x , y) gθ(x ,y)θ(dy)∫ gθ(x ,z)θ(dz) + 1A(x) ∫ {1− αθ(x , y)} gθ(x ,y)θ(dy)∫ gθ(x ,z)θ(dz) ,with : αθ(x , y) = 1 ∧ (

π(y)
π(x) π1−β(x) ∫ gθ(x ,z)θ(dz)

π1−β(y) ∫ gθ(y ,z)θ(dz)).Kernel for the AEE sampler :Pθ(x , .) = (1− ǫ)P(x , .) + ǫKθ(x , .).
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Figure: Equi-Energy Samplers for a mixture of Gaussian distributionsAmandine Shrek Adaptive Equi-Energy Sampler
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Figure: EES for a mixture ofGaussian distributions, T=60
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Figure: T=1
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Figure: T=7
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Figure: Metropolis-HastingsAmandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy example

0 0.5 1 1.5 2

x 10
5

0

0.5

1

1.5

2

2.5

 

 
EES
AEES

Figure: L1 error for EES and AEES 0 0.5 1 1.5 2

x 10
5

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

 

 
EES
AEES
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion Why interat ?The adaptive equi-energy samplerIllustration on a toy example
Many parameters to hoose :proposal distribution (ould be adaptive)number of energy ringstemperature of the proessesproportion of equi-energy moves
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion The modelResults
Notations :L : length of the DNA sequeneS : DNA sequene. S = (s1, s2, . . . , sL) with si ∈ {1, 2, 3, 4} (1orresponding to A, 2 to C, 3 to G and 4 to T)w : length of a motifA : array giving the position of the motifs. A = (a1, . . . , aL),where ai is equal to j ∈ {0, . . . ,w} if the ith element of thesequene is the jth element of a motifp0 : probability for a sub-sequene of length w to be a motif
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion The modelResultsDistribution :Bakground sequene : Markov hain assoiated with thetransition matrix denoted by θ0Motif : multinomial distribution of parameter θ = (θ1, . . . , θw )Knowing a1, . . . , ak−1, s1, . . . , sk−1, θ and p0, we have :If ak−1 ∈ {1, . . . ,w − 1}, ak = ak−1 + 1, otherwise, ak followsa Bernouilli distribution of parameter p0If ak = 0, sk follows the distribution θ0(sk−1, .), otherwise, skfollows the distribution θak (.)
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion The modelResults
Conditionnal distribution of A given S :P(A|S) ∝Γ(N1 + a)Γ(N0 + b)

Γ(N1 + N0 + a+ b) w
∏i=1 ∏4j=1 Γ(i ,j + βi ,j)

Γ(
∑4j=1 i ,j + βi ,j)L

∏k=2(δak−1+1(ak ))1ak−1∈{1,...,w−1} L
∏k=2 θ1−Āk0 (sk−1, sk)ξa1(s1)
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
If g = 1 and θ = π1−β, Kθ is a Metropolis-hastings kernel with
π as stationary distribution.If θn onverges toward π1−β , we expet Pθn to onvergetoward Pπ1−β and (Xn) to onverge toward π, invariantdistribution of Pπ1−β
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral resultsA few notations :V -norm of a funtion f :|f [V= supx∈X |f (x)|V (x)V -norm of a signed measure µ : ‖µ‖V = supf ,|f |V≤1 |µ(f )|We de�ne the V -variation between Pθ and Pθ′ byDV (θ, θ′) = supx∈X (

‖Pθ(x ,.)−Pθ′(x ,.)‖VV (x) )Set LV : LV = {f : X → R, ‖f ‖V < +∞}Target density : πTemperature of the auxiliary proess T = 11−β
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
The adaptive EE sampler generates a bivariate proess (Xn, θn)
(Fn)-adapted for the �ltration (Fn) = σ(Y1, . . . ,Yn,X1, . . . ,Xn),and suh that :

E [f (Xn+1)|Fn] = Pθn f (Xn)
Amandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
Condition on π :(a) π is the density of a probability distribution on the measurablePolish spae (X,X ) and supX π < ∞.(b) π is ontinuous on X.
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral resultsCondition on the proposal distribution P :(a) P is a φ-irreduible transition kernel whih is Feller on (X,X )and suh that πP = π.(b) (drift) There exist λ ∈ (0, 1), b < +∞ and τ ∈ (0, 1− β) suhthat PW ≤ λW + b withW (x) = (

π(x)supX π

)−τ

. (1)() (small) For all p ∈ (0, supX π), the sets {π ≥ p} are 1-small forP . Amandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
Condition on the auxiliary proess(a) θ⋆(W ) < +∞, and for all ontinuous funtion f in LW ,

θn(f ) → θ⋆(f ) a.s.(b) supn E [W (Yn)] < ∞.where θ⋆ is the density proportionnal to π1/T .
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
With these onditions, we prove the �onvergene� of ouradaptation (only for a 2-level algorithm for the moment) :(a) For any l ∈ {1, . . . ,S − 1}, limn ∣∣ξθn,l − ξθ⋆,l ∣∣ = 0, w.p.1(b) There exists Γ > 0 suh that for any k ∈ {1, . . . ,K − 1}, forany l ∈ {1, . . . ,S − 1}, and any γ < Γ,lim supn nγ ∣

∣ξθn+1,l − ξθn,l ∣∣ < ∞ ,P − a.s.
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
We also prove that :For all n ∈ N, the kernel Pθn admits a �nite stationnarydistribution πθnFor all n ∈ N, there exist some random variables Cθn and ρθnsuh that for all x ∈ X :

‖Pk
θn(x , .) − πθn‖V ≤ CθnρkθnV (x)
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral resultsFinally, this allow to ontrol the V -variation between Pθ and Pθ′ :on the set ⋂j{θj ∈ Θm}, where
Θm =

{

θ ∈ Θ :
1m ≤ infx ∫ gθ(x , y)θ(dy)} ,there exists a onstant Cm suh thatDV (θk , θk−1)

≤ Cm(supl ∣

∣ξθk ,l − ξθk−1,l ∣∣+ ‖θk − θk−1‖TV) (‖θk‖V + ‖θk−1‖V )
+ Cm ‖θk − θk−1‖V .Amandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral resultsConvergene of the stationnary distributions :
∣

∣πθn(x)(f )− πθ⋆(w)(f )∣∣ ≤ ∣

∣

∣
πθn(w)(f )− Pk

θn(w)f (x)∣∣∣
+
∣

∣

∣
Pk
θn(w)f (x) − Pk

θ⋆(w)f (x)∣∣∣
+
∣

∣

∣
Pk
θ⋆(w)f (x)− πθ⋆(f )∣∣∣Control :Terms 1 and 3 : ontroled with

‖Pk
θ (x , .) − πθ‖V ≤ Cθρ

k
θV (x) P-psTerm 2 : weak onvergene of the kernels Pθn toward Pθ⋆ , andequi-ontinuity of these kernelsAmandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral resultsErgodiity :
|E[f (Xn)]− π(f )| ≤ ∣

∣

∣
E

[f (Xn)− PN
θn−N f (Xn−N)]∣∣∣

+
∣

∣

∣
E

[PN
θn−N f (Xn−N)− πθn−N (f )]∣∣∣

+
∣

∣E
[

πθn−N (f )− π(f )]∣∣Control :Term 1 : sum of some DV (θn+j , θn+j−1)Term 2 : ontroled with ‖Pk
θ (x , .) − πθ‖V ≤ Cθρ

k
θV (x) P-psTerme 3 : onvergene of the stationnary distributionsAmandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
Strong law of large numbers : The idea is to introdue the solutionf̂θ of the Poisson equationf̂θ − Pθ f̂θ = f − πθ(f )to isolate a martingale term.
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results1n n−1
∑k=0 f (Xk)− L = T1,n + T2,n + T3,n + T4,n + T5,nT1,n = 1/n(f (X0)− L)T2,n =

1n n−1
∑k=1{f̂θk−1(Xk )− Pθk−1 f̂θk−1(Xk−1)}T3,n =

1n n−1
∑k=1{Pθk f̂θk (Xk )− Pθk−1 f̂θk−1(Xk )}T4,n =

1nPθ0 f̂θ0(X0)− 1nPθn−1 f̂θn−1(Xn−1)T5,n =
1n n−2
∑k=0{πθk−1(f )− L}Amandine Shrek Adaptive Equi-Energy Sampler



IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
Term T2,n :T2,n =

1n n−1
∑k=1{f̂θk−1(Xk )− Pθk−1 f̂θk−1(Xk−1)}T2,n is a sum of martingale inrements. We ontrol it by showingthat there exists α > 1 suh that

∑∞k=1 k−α
E

[∣

∣

∣
{f̂θk−1(Xk )− Pθk−1 f̂θk−1(Xk−1)∣∣∣α∣∣∣Fk−1] < ∞ as
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion IntuitionCondition requiredGeneral results
Term T3,n :T3,n =

1n n−1
∑k=1{Pθk f̂θk (Xk )− Pθk−1 f̂θk−1(Xk )}is aused by the adaptation. To ontrol it, we show thatn−1 ∑nk=1 DV (θk , θk−1)V (Xk) → 0 almost surely.
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion
In pratie :Far more e�ient than Metropolis-Hastings (mix better)Does not require the user to hoose the ringsBut :A lot of parameters to hooseQuite high omputational ost
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IntrodutionThe algorithmMotif sampling : an example taken from real lifeOn the onvergene of AEESConlusion
To go further :Extend results of onvergene for the empirial quantilesCentral limit theorem ?Adaptive proposal
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